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THE PICARD GROUP OF THE MODULI SPACE OF r-SPIN
RIEMANN SURFACES
OSCAR RANDAL-WILLIAMS
Abstract. We have recently proved a homological stability theorem for mod-
uli spaces of r-Spin Riemann surfaces, which in particular implies a Madsen–
Weiss theorem for these moduli spaces. This allows us to effectively study their
stable cohomology, and to compute their stable rational cohomology and their
integral Picard groups. Using these methods we give a complete description
of their integral Picard groups for genus at least 9 in terms of geometrically
defined generators, and determine the relations between them.
1. Introduction
LetMg be the moduli space of Riemann surfaces of genus g. This is the complex
orbifold obtained from Teichmu¨ller space Tg as the quotient by the action of the
mapping class group Γg := π0(Diff
+(Σg)), the group of isotopy classes of diffeo-
morphisms of a standard smooth closed surface of genus g. As Teichmu¨ller space
is contractible, the orbifold fundamental group of Mg is Γg. We wish to make a
similar definition of the moduli space of r-Spin Riemann surfaces of genus g, but we
must be careful as there are competing definitions. We will give two, and discuss
which is more correct in §1.1. Throughout we consider only surfaces of genus at
least two.
Fix a smooth almost complex surface Σ, and let Spinr(Σ) denote the groupoid
of r-Spin structures on Σ. More precisely, its objects are pairs ζ = (L → Σ, ϕ :
TΣ ∼= L⊗r) of a complex line bundle L on Σ and an isomorphism of complex line
bundles from the tangent bundle of Σ to the r-th power of L. The morphisms of
this groupoid from (L,ϕ) to (L′, ϕ′) are given by the isomorphisms ψ : L ∼= L′ such
that ψ⊗r ◦ ϕ = ϕ′. Given a diffeomorphism f : Σ → Σ′ that preserves the almost
complex structure, we define
f∗(L′, ϕ′) = (f∗L′, TΣ
Df
→ f∗TΣ′
f∗ϕ′
→ f∗(L⊗r) ∼= (f∗L)⊗r).
This provides an action of the group of diffeomorphisms of Σ on the set of r-Spin
structures. The following lemma was proved in [18, Theorem 2.9], and describes
the components of the groupoid Spinr(Σ) modulo the action of the mapping class
group.
Lemma 1.1. Suppose that g ≥ 2. The set π0Spin
r(Σg) of isomorphism classes of
r-Spin structures on Σg is non-empty if and only if r divides χ(Σg) = 2 − 2g, in
which case it consists of r2g elements. If r is odd, π0Spin
r(Σg)/Γg consists of a
single element. If r is even, π0Spin
r(Σg)/Γg consists of two elements, and the map
π0Spin
r(Σg)/Γg → π0Spin
2(Σg)/Γg
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is a bijection. The two elements of π0Spin
2(Σg)/Γg are distinguished by the Arf
invariant of a quadratic form describing the Spin structure.
The remaining structure of the groupoid is described by the following lemma.
Lemma 1.2. Every element of Spinr(Σ) has automorphism group Z/r.
We may now give our first definition. We can choose an r-Spin structure ζ on
Σg, and let G
1/r
g (ζ) be the subgroup of Γg that preserves ζ up to isomorphism, that
is, those diffeomorphisms f such that f∗(ζ) ∼= ζ. Equivalently it is the stabiliser of
ζ for the action of Γg on π0Spin
r(Σg). We define
M˜1/rg (ζ) := Tg//G
1/r
g (ζ),
where the quotient is taken in the orbifold sense. As the set π0Spin
r(Σg) is finite,
G
1/r
g (ζ) is a finite index subgroup of the mapping class group, and hence
M˜1/rg (ζ) −→Mg
is a finite covering map. Readers who are unenthusiastic about orbifolds may in-
stead take the homotopy quotient, that is, the Borel construction EG
1/r
g (ζ)×G1/rg (ζ)
Tg, or the stack quotient.
For our second definition, we employ another group Γ
1/r
g (ζ) which is slightly more
difficult to describe: to do so, we will first define a topological group Diff(Σg, ζ).
As a set it consists of pairs (f ∈ Diff+(Σg), ρ : f∗ζ ∼= ζ), and is equipped with the
group law defined by the formula
(f, ρ) · (g, σ) = (f ◦ g, (f ◦ g)∗ζ ∼= f∗g∗ζ
f∗σ
∼= f∗ζ
ρ
∼= ζ).
The evident homomorphism Diff(Σg, ζ) → Diff
+(Σg) has image those path com-
ponents contained in G
1/r
g (ζ), and has kernel Z/r. We topologise Diff(Σg, ζ) as a
covering group of its image, and define
Γ1/rg (ζ) := π0(Diff(Σg, ζ)),
which is isomorphic to the quotient of Diff(Σg, ζ) by the normal subgroup Diff0(Σg, ζ)
given by the path component of the identity. By a theorem of Earle and Eells [5],
the group Diff+0 (Σg) is contractible for g > 1, and so has no non-trivial connected
covering groups. Thus Diff0(Σg, ζ) ∼= Diff
+
0 (Σg), and hence the action of Diff(Σg, ζ)
on the space M(Σg) of complex structures on Σg descends to an action of Γ
1/r
g (ζ)
on Techmu¨ller space Tg =M(Σg)/Diff0(Σg, ζ), and we may define the orbifold
M1/rg (ζ) := Tg//Γ
1/r
g (ζ).
By definition, the group Γ
1/r
g (ζ) fits into the central extension
(1.1) 0 −→ Z/r −→ Γ1/rg (ζ) −→ G
1/r
g (ζ) −→ 0
and so acts through G
1/r
g (ζ), and hence Γg, on Teichmu¨ller space. In particular
both groups act by biholomorphisms (as Γg does), and so M˜
1/r
g (ζ) and M
1/r
g (ζ)
are complex orbifolds. The natural map
(1.2) M1/rg (ζ) −→ M˜
1/r
g (ζ)
has the structure of a Z/r-gerbe, which follows from the extension (1.1). Further-
more, as Tg is contractible these are both orbifold Eilenberg–MacLane spaces, and
so all statements about their homology apply equally well to the group homology
of the groups G
1/r
g (ζ) and Γ
1/r
g (ζ).
If the r-Spin structures ζ and ζ′ are identified under the action of Γg, then the
groups G
1/r
g (ζ) and G
1/r
g (ζ′) are conjugate in Γg and so the corresponding r-Spin
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moduli spaces—of both types—are homeomorphic. By Lemma 1.1, when r is odd
there is, up to homeomorphism, a single moduli space of each type, which we write
as M˜
1/r
g and M
1/r
g . When r is even there are two of each type, which we write as
M˜
1/r
g [ǫ] and M
1/r
g [ǫ] for ǫ = 0 or 1. In this case we write M˜
1/r
g and M
1/r
g for the
disjoint union of the two path components.
1.1. Modular interpretation of M˜
1/r
g and M
1/r
g . The (orbi)bundle π : C
1/r
g →
M
1/r
g is equipped with a holomorphic line bundle L → C
1/r
g and an isomorphism
L⊗r ∼= ωπ, and so is a family of r-Spin Riemann surfaces over M
1/r
g . Furthermore,
it is universal with this property. This may be seen as follows: an r-Spin structure
ζ gives a line bundle L on the family of Riemann surfaces π : Cg → Tg and an
isomorphism ϕ : Tv ∼= L⊗r. The line bundle Tv → Cg is fibrewise holomorphic and
so L → Cg is too. The element (f, ρ) ∈ Γ
1/r
g (ζ) acts on Tg and Cg, and gives an
isomorphism ρ : f∗L ∼= L such that ρ⊗r commutes with ϕ, and hence it descends
to the orbifold quotient.
The orbifold M˜
1/r
g has a different modular interpretation. The (orbi)bundle
π : Cg →Mg has a fibrewise Picard variety Pic(Cg)→Mg, which has a canonical
section given by the canonical divisor ωπ. The universal property of the family
C˜
1/r
g → M˜
1/r
g is that in addition it has another section ℓ such that rℓ = ωπ.
Thus each fibre admits the structure of an r-Spin Riemann surface, but there is no
line bundle L → C
1/r
g whose r-th power is isomorphic to the (co)tangent bundle
on each fibre. The obstruction to a section of the fibrewise Picard variety of a
family π : E → B of Riemann surfaces extending to a line bundle on the total
space has been studied by Ebert and the author [6]: there is a unique obstruction
in H3(B;Z). In the case of M˜1/rg it is the class given by β(c), the Bockstein to
integral cohomology of the class c ∈ H2(M˜
1/r
g ;Z/r) classifying the extension (1.1),
or equivalently classifying the gerbe (1.2).
Considering these two different modular interpretations, we take the view that
M
1/r
g is the correct notion of a moduli space of r-Spin Riemann surfaces, and
M˜
1/r
g is not; we call the latter the moduli space of r-theta-characteristics, as M˜
1/2
g
classifies families of Riemann surfaces with a theta-characteristic on each fibre.
1.2. “Mumford conjecture” for moduli spaces of r-Spin Riemann sur-
faces. From now on we denote by M
1/r
g [ǫ] either the whole of M
1/r
g if r is odd, or
the component of Arf invariant ǫ if r is even. By writing M
1/r
g [ǫ] we always imply
that the space is non-empty, i.e. that r | χ(Σg). Whenever we write the cohomology
of an orbifold, we always mean cohomology in the orbifold sense, not that of the
coarse moduli space; of course if we take rational coefficients these coincide.
The Mumford–Morita–Miller classes κi ∈ H2i(Mg;Z) may be defined as the
pushforward
κi := π!(c1(Tv)
i+1)
where π : Cg →Mg is the universal family overMg, and Tv is the vertical tangent
bundle (which is a complex line bundle). We will adopt the convention of always
denoting families of Riemann surfaces by π and their vertical tangent bundles by
Tv, without further note. The Mumford conjecture, proved by Madsen and Weiss
[15], states that the homomorphism
Q[κ1, κ2, κ3, ...] −→ H∗(Mg;Q)
is an isomorphism in a certain range of degrees, which increases with g. Our first
result is the analogue of this theorem for moduli spaces of r-Spin Riemann surfaces:
the classes κi may be pulled back to M
1/r
g and we have
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Theorem 1.3. The map
Q[κ1, κ2, κ3, ...] −→ H∗(M1/rg [ǫ];Q)
is an isomorphism in degrees 5∗ ≤ 2g − 7. In fact, the map M
1/r
g [ǫ] → Mg in-
duces a homology isomorphism with Z[1/r]-coefficients in these ranges of degrees.
Both statements are also true for M˜
1/r
g [ǫ], as this is Z[1/r]-homology equivalent to
M
1/r
g [ǫ] by the extension (1.1).
1.3. Low-dimensional homology. The main result of this paper is a computa-
tion of the Picard group of M
1/r
g and a determination of a presentation for it. As
these results are of interest in algebraic geometry, but the method of proof is via
homotopy theory, we have endeavoured to give as detailed results as we can in the
introduction to hopefully allow geometers to make use of them. This accounts for
the length of this introduction.
We first turn our attention to the low-dimensional integral (co)homology ofM
1/r
g ,
which is the same as the integral (co)homology of the groups Γ
1/r
g (ζ).
Theorem 1.4 (Low-dimensional homology). Let g ≥ 6. Then the first integral
homology of M
1/r
g [ǫ] is given by
H1(M
1/r
g [ǫ];Z) ∼=

Z/4 r ≡ 2 mod 4
Z/8 r ≡ 0 mod 4
0 else
⊕
{
Z/3 r ≡ 0 mod 3
0 else
.
Let g ≥ 9. Then the second rational homology of M
1/r
g [ǫ] has rank one. Thus,
H2(M1/rg [ǫ];Z) ∼= Z⊕

Z/4 r ≡ 2 mod 4
Z/8 r ≡ 0 mod 4
0 else
⊕
{
Z/3 r ≡ 0 mod 3
0 else
.
1.4. Identification of classes in H2(M
1/r
g [ǫ];Z). The description of the second
cohomology of M
1/r
g [ǫ] in Theorem 1.4, while interesting in itself, is of limited use
if we do not have firm control on individual elements in this group, and so we now
turn to describing elements of this group.
The group H2(Mg;Z) is free of rank one (for g ≥ 3), and contains the two
natural classes
κ1 := π!(c1(Tv)
2) λ := c1(π
K
! (T
∗
v ))
where the symbol πK! in the definition of the Hodge class λ is the complex K-
theory pushforward. These are related by the equation κ1 = 12λ, and λ generates
H2(Mg;Z).
The universal family π : C
1/r
g →M
1/r
g has a vertical tangent bundle Tv, and also
another complex line bundle L, equipped with an isomorphism L⊗r ∼= Tv. Thus we
may define classes
(1.3) κ
a/r
1 := π!(c1(L
⊗a)2) λ−a/r := c1(π
K
! (L
⊗a)).
These satisfy κ
r/r
1 = κ1 and λ
r/r = λ. Furthermore, if r | r′ then the natural map
[r′/r] : M
1/r′
g →M
1/r
g pulls back κ
a/r
1 to κ
(a(r′/r))/r′
1 , and similarly for the λ
−a/r,
so there is no ambiguity in writing the superscripts as rational numbers.
When r is even there is a further class we may define. In this case, an r-Spin
structure has an underlying 2-Spin structure, and so the map C
1/r
g → M
1/r
g is
oriented in real K-theory. Thus we may define a class
ξ := πKO! (1) ∈ KO
−2(M1/rg ),
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that is, a map ξ :M
1/r
g → O/U . This is represented by a (virtual dimension zero)
complex vector bundle with a trivialisation of the underlying real bundle, and such
bundles have canonical choices of half the first Chern class so we may define the
element c12 (ξ) in the integral cohomology of M
1/r
g . The Spin structure on Tv used
to form the pushforward is L⊗
r
2 , so the underlying complex vector bundle of ξ is
πK! (L
⊗ r
2 ) and c1(ξ) = λ
−1/2. Using this we define
µ := c12 (ξ) + 6λ
1/2,
which has the property 2µ = λ−1/2 + 12λ1/2. The reason for taking this class and
not simply c12 (ξ) is that certain formulæ occurring later on will be clearer.
Our first result concerns the divisibility of these classes in the torsion-free quo-
tient of H2(M
1/r
g [ǫ];Z), which by Theorem 1.4 is a free abelian group of rank one.
In the following, we fix a generator g of the torsion-free quotient so that the Hodge
class λ is a positive multiple of g. We say a class x is divisible by precisely D when
x = Dg.
Theorem 1.5. The group H2(Mg;Z) injects into H2(M
1/r
g [ǫ];Z). In the torsion-
free quotient of H2(M
1/r
g [ǫ];Z), the Hodge class λ is divisible by precisely Urr
2
12 ,
where
Ur =

2 12 | r
4 4 ∤ r, 3 | r
6 4 | r, 3 ∤ r
12 4 ∤ r, 3 ∤ r.
More generally, κ
a/r
1 is divisible by precisely a
2Ur, and λ
a/r is divisible by precisely
Ur
12 (r
2 − 6ar + 6a2). When µ is defined it is divisible by precisely −Urr
2
48 .
It is tedious but not difficult to see that for each fixed r all these divisibilities have
no common factor, and hence the classes we have defined generate the torsion-free
quotient.
Corollary 1.6. The elements {λa/r, κ
a/r
1 } (and µ if it is defined) generate the
torsion-free quotient of H2(M
1/r
g [ǫ];Z).
Having understood the divisibilities of the classes in the torsion-free quotient, it
is easy to produce torsion classes as linear combinations of the κ
a/r
1 , λ
a/r and µ
which vanish in the torsion-free quotient. If we define Ua/r,b/r := gcd(r
2 − 6ar +
6a2, r2 − 6br + 6b2) then
ta/r,b/r :=
r2 − 6br + 6b2
Ua/r,b/r
λa/r −
r2 − 6ar + 6a2
Ua/r,b/r
λb/r
and
ta/r :=
12
gcd(12, r2 − 6ar + 6a2)
λa/r −
r2 − 6ar + 6a2
gcd(12, r2 − 6ar + 6a2)
κ
1/r
1
are integral cohomology classes which are trivial in the torsion-free quotient, and
hence are torsion. When r is even, there is also the torsion class
t :=
48
gcd(r2, 48)
µ+
r2
gcd(r2, 48)
κ
1/r
1 .
In order to determine when torsion classes are non-trivial, we prove the following
detection theorem.
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Theorem 1.7. For g ≥ 9 there is a canonical homomorphism
ϕ : H2(M1/rg [ǫ];Z) −→ Z/24
which is injective when restricted to the torsion subgroup. It sends λa/r to 2, κ
a/r
1
to 0, and if µ is defined it sends it to 1.
Along with an analysis of the coefficients in the definition of ta/r and t, this
theorem implies the following.
Corollary 1.8. If r is odd, any ta/r generates the torsion subgroup. If r ≡ 2 mod 4
then t0/r generates the torsion subgroup. If r ≡ 0 mod 4 then t generates the torsion
subgroup.
Combining Corollaries 1.6 and 1.8, we can make the following observation.
Corollary 1.9. The elements {λa/r, κ
a/r
1 } (and µ if it is defined) generate the
group H2(M
1/r
g [ǫ];Z). All relations between them are implied by Theorem 1.5 and
Theorem 1.7.
Example 1.10 (2-Spin). Consider the classes λ, λ1/2, µ, κ1 and κ
1/2
1 . The number
U2 is 12, so in the torsion-free quotient λ is divisible by 4, λ
1/2 is divisible by −2, µ
is divisible by −1, κ1 is divisible by 48, and κ
1/2
1 is divisible by 12. The class t
1/2,0/2
is 2λ1/2 + λ and maps to 6 ∈ Z/24 an order 4 element, so it generates the torsion
subgroup. Thus a presentation of the second integral cohomology ofM
1/2
g [ǫ] in the
stable range is
〈λ, µ | 4(λ+ 4µ)〉.
Example 1.11 (3-Spin). Consider the classes λ, λ1/3, λ2/3, κ1 and κ
1/3
1 . The number
U3 is 4, so in the torsion-free quotient λ is divisible by 3, λ
1/3 is divisible by −1,
λ2/3 is divisible by −1, κ1 is divisible by 36, and κ
1/3
1 is divisible by 4. The class
t1/3,0/3 is 3λ1/3 + λ and maps to 8 ∈ Z/24 an element of order 3, so it generates
the torsion subgroup. Thus a presentation of the second integral cohomology of
M
1/3
g [ǫ] in the stable range is
〈λ, λ1/3 | 3(λ+ 3λ1/3)〉.
Example 1.12 (4-Spin). Consider the classes λ, λ1/4, λ1/2, λ3/4, µ and the κ
a/4
1 .
The number U4 is 6, so in the torsion-free quotient λ is divisible by 8, λ
1/4 is
divisible by −1, λ1/2 is divisible by −4, λ3/4 is divisible by −1, and µ is divisible
by −2. The class t1/4,0/4 is 8λ1/4 + λ and maps to 18 ∈ Z/24 an element of order
4. The class t1/2,0/4 is 2λ1/2 + λ and maps to 6 ∈ Z/24 an element of order 4.
The class t1/4,1/2 is λ1/2 − 4λ1/4 and maps to −6 = 18 ∈ Z/24 an element of
order 4. The class t1/4 is 6λ1/4 + κ
1/4
1 and maps to 12 ∈ Z/24 an element of order
2. The class t1/2 is 3λ1/2 + 2κ
1/4
1 and maps to 6 ∈ Z/24 an element of order 4.
Finally, the class t is 3µ + κ
1/4
1 and maps to 3 ∈ Z/24 an element of order 8, so
generates the torsion subgroup. Similarly, the class µ− 2λ1/4 is torsion and maps
to −3 ∈ Z/24 so generates the torsion subgroup. Thus a presentation of the second
integral cohomology of M
1/4
g [ǫ] in the stable range is
〈µ, λ1/4 | 8(µ− 2λ1/4)〉.
1.5. Low-dimensional homology of the space of r-theta-characteristics.
The extension (1.1) and the known abelianisation of Γ
1/r
g (ζ) from Theorem 1.4 im-
ply a calculation of the abelianisation of G
1/r
g (ζ) as long as one can understand the
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effect of the map Z/r→ Γ1/rg (ζ) on abelianisations. We explain in §5 how to com-
pute the effect of this map, but the formulæ are complicated and the abelianisation
of G
1/r
g (ζ) depends sensitively on r, g and Arf(ζ), so it is difficult to give a general
statement. However for any particular r it is not a difficult calculation.
Example 1.13. The groupH1(M˜
1/2
g [ǫ];Z) is Z/4 for g ≥ 9, and the groupH1(M˜
1/3
g ;Z)
is Z/3 for g ≥ 9. The group H1(M˜
1/4
g [ǫ];Z) is Z/8 if ǫ = 0, and is Z/4 otherwise,
assuming that g ≥ 9.
From the abelianisation of G
1/r
g (ζ) we may deduce the second integral cohomol-
ogy of M˜
1/r
g [ǫ] as an abstract group, but the methods of §5 in fact allow us to
compute the effect of the (injective) map
H2(M˜1/rg [ǫ];Z) −→ H
2(M1/rg [ǫ];Z).
Example 1.14. As a subgroup of H2(M
1/2
g [ǫ];Z) = 〈λ, µ | 4(λ + 4µ)〉, the second
cohomology of M˜
1/2
g [ǫ] is the whole group if ǫ = 0 and 〈λ, 2µ | 4(λ+ 4µ)〉 if ǫ = 1.
The first rational cohomology of G
1/r
g (ζ) is stably trivial, and the second rational
cohomology stably has rank one, giving further support to the general belief that
this is true of all finite-index subgroups of the mapping class group.
1.6. Picard groups and Neron–Severi groups. The topological Picard group
Pictop(X//G) of the orbifold X//G is the set of isomorphism classes of G-equivariant
complex line bundles on X , which forms an abelian group under tensor product of
line bundles. The first Chern class provides a homomorphism
c1 : Pictop(X//G) −→ H
2(X//G;Z)
which is in fact an isomorphism [6, Lemma 5.1].
The orbifolds M˜
1/r
g and M
1/r
g have a complex structure, and so they also have
holomorphic Picard groups : these are the sets of isomorphism classes of G
1/r
g - or
Γ
1/r
g -equivariant holomorphic line bundles on Tg, under tensor product of holomor-
phic line bundles. For a holomorphic orbifold X there is a map
Pichol(X)→ Pictop(X)
with kernel Pic0hol(X) consisting of the topologically trivial holomorphic line bun-
dles. The analytic Neron–Severi group NS(X) is defined to be the quotient group
Pichol(X)/Pic
0
hol(X), so there is a sequence of maps
Pichol(X) −→ NS(X) −→ Pictop(X)
c1−→ H2(X;Z)
where the first map is an epimorphism, the second is a monomorphism and by the
discussion above the last is an isomorphism.
The orbifold M˜
1/r
g [ǫ] has the structure of a quasi-projective orbifold, as it has
a finite cover by a quasi-projective variety. Thus it has an algebraic Picard group
Picalg(M˜
1/r
g [ǫ]) consisting of holomorphic line bundles which are algebraic on all
finite quasi-projective covers. The orbifold M
1/r
g [ǫ] also has an algebraic Picard
group, by virtue of being a Z/r-gerbe over the quasi-projective orbifold M˜1/rg [ǫ];
we define it in §6.3.
Theorem 1.15. Consider the maps
Picalg(M
1/r
g [ǫ]) −→ Pichol(M
1/r
g [ǫ]) −→ NS(M
1/r
g [ǫ]) −→ H
2(M1/rg [ǫ];Z).
As long as g ≥ 9, the composition is an isomorphism, the second map is surjective,
and the last map is an isomorphism. The same holds for M˜
1/r
g [ǫ].
8 OSCAR RANDAL-WILLIAMS
Hence Theorem 1.4 computes both the topological and algebraic Picard groups
and the analytic Neron–Severi group of M
1/r
g , and the methods of §5 do the same
for M˜
1/r
g .
1.7. Relation to the work of Jarvis. In the algebro-geometric setting, Jarvis
[12] has constructed S
1/r
g , a smooth proper Deligne–Mumford stack over Z[1/r]
compactifying the stack S
1/r
g which parametrises families of r-Spin curves (which
is a curve C with a line bundle L and an isomorphism ϕ : L⊗r ∼= ω). For the
purposes of this discussion, we assume that the quasi-projective orbifold M
1/r
g
represents the smooth Deligne–Mumford stack S
1/r
g ⊗Z[1/r] C, and in particular
has the same cohomological invariants. Jarvis has proved an algebraic analogue of
Lemma 1.1 [12, §3.3], showing that the coarse moduli space of S
1/r
g has either one
or two irreducible components depending on the parity of r.
Using his compactification, Jarvis has studied [13] the Picard group of the stack
S
1/r
g , and in particular produced algebraic line bundles of orders 4 and 3 when r
is divisible by 2 and 3 respectively [13, Proposition 3.14]. These are constructed in
the same way as our classes ta/r,b/r, insofar as that they are linear combinations
of the λa/r which are rationally trivial. Conjecture 4.4 of [13] (also mentioned by
Cornalba [3, p. 31], [4]) is the presentation
〈λ, λ1/2 | 4λ+ 8λ1/2〉
for the algebraic Picard group of M
1/2
g [ǫ], based on the following observations:
λ+2λ1/2 is an element of order 4, λ and λ1/2 are elements of infinite order, and the
Picard group is known to be Z⊕Z/4 as an abstract group. However, our Example
1.10 shows that in the torsion-free quotient of cohomology λ is divisible by 4 and
λ1/2 is divisible by −2. Furthermore, our Theorem 1.15 shows that
Picalg(M
1/2
g [ǫ]) −→ H
2(M1/2g [ǫ];Z)
is an isomorphism for g ≥ 9. Hence the conjecture is incorrect, and the correct
presentation is that of Example 1.10, where we interpret µ as a class constructed
out of some square root of the algebraic line bundle λ−1/2.
2. Madsen–Weiss theory for r-Spin Riemann surfaces
The main tool that allows us to say anything about the orbifolds M
1/r
g is the
development of a theory parallel to that of Madsen and Weiss [15] for Mg. Thus
we have a good model for the homotopy type of the orbifold M
1/r
g , a homological
stability theorem for these spaces, and an identification of the stable homology with
the homology of a certain infinite loop space. The following outline of the theory
is rather brief, and we suggest that the reader also consult [15, 9] for the analogous
theory for Mg.
2.1. A homotopical model for M
1/r
g . Let γr → BSpin
r(2) denote the universal
r-Spin complex line bundle. Thus BSpinr(2) ≃ BU(1) and the complex line bundle
γr is r times the canonical bundle over BU(1). Let Σg be a closed oriented surface,
and Bun(TΣg, γ
r) denote the space of bundle maps TΣg → γr, i.e. fibrewise linear
isomorphisms. We define the homotopy-theoretic moduli space to be the Borel
construction
M1/r(Σg) := Bun(TΣg, γ
r)×Diff+(Σg) Emb(Σg,R
∞).
By construction, homotopy classes of maps from a manifold intoM1/r(Σg) classify
concordance classes of surface bundles with genus g fibres, equipped with a complex
line bundle L on the total space and an isomorphism from L⊗r to the vertical
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tangent bundle. There is a natural mapM1/r(Σg)→M
1/r
g classifying the universal
family, and we have immediately that
Proposition 2.1. M1/r(Σg) is the weak homotopy type of the orbifold M
1/r
g . In
particular, they have isomorphic integral cohomology.
2.2. Homological stability. In [18, §2] we studied the spacesM1/r(Σg) and their
generalisationsM1/r(Σg,b; δ) to surfaces with boundary, where the r-Spin structure
is required to satisfy a boundary condition δ. The main theorem of that paper
concerning these spaces is that they satisfy the hypotheses of [17] and hence exhibit
homological stability. The implication of this statement is that
Theorem 2.2. The homology of M1/r(Σg,b; δ) is independent of g, b and δ in de-
grees 5∗ ≤ 2g − 7. More precisely, all stabilisation maps from this space obtained
by gluing on an r-Spin surface along boundary components induce a homology iso-
morphism in this range of degrees.
If we are discussing a certain homology group, we will use the term “in the stable
range” to mean “for g large enough to satisfy the above inequality”.
2.3. A universal approximation. We have a complex line bundle γr → BSpinr(2),
and we define the spectrum (in the sense of stable homotopy theory)
MTSpinr(2) := Th(−γr → BSpinr(2)),
that is, the Thom spectrum of the complement of the universal bundle overBSpinr(2).
Let Ω∞MTSpinr(2) denote the associated infinite loop space. By Pontrjagin–
Thom theory the group π0(Ω
∞MTSpinr(2)) is isomorphic to the group of oriented
r-Spin surfaces up to cobordism (under disjoint union), but the cobordisms are re-
quired to be 3-manifolds whose tangent bundle is isomorphic to ǫ1 ⊕ L⊗r for some
complex line bundle L, by an isomorphism which is standard at the boundaries.
This may be seen by carrying out the Pontrjagin–Thom construction in this case,
and we will not dwell on it. There is a natural homomorphism
χ : π0(Ω
∞MTSpinr(2)) −→ Z
given by sending an r-Spin surface to its Euler characteristic, which is well-defined
over this cobordism relation by the Poincare´–Hopf theorem: the allowed cobor-
disms all admit a nowhere vanishing vector field which agrees with the inwards and
outwards vector fields at the incoming and outgoing boundaries respectively. As
Σg admits an r-Spin structure precisely when r | 2 − 2g, we see that the image of
χ is 2rZ if r is odd and rZ if r is even.
In §3.5 we will show that
π0(Ω
∞MTSpinr(2)) ∼=
{
Z r odd
Z⊕ Z/2 r even
as abstract groups, which implies that χ is injective when r is odd and has kernel
Z/2 when r is even. When r is even, there are maps
MTSpinr(2) −→MTSpin2(2) −→ Σ−2MSpin
ending at the usual Spin bordism spectrum, and so a (surjective) homomorphism
π0(Ω
∞MTSpinr(2)) −→ ΩSpin2 (∗)
∼= Z/2
where the isomorphism is by sending a Spin surface to its Arf invariant. In total
we obtain a canonical isomorphism
π0(Ω
∞MTSpinr(2)) ∼=
{
2rZ r odd
rZ ⊕ Z/2 r even
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given by the Euler characteristic and the Arf invariant. We write Ω∞χ,•MTSpin
r(2)
for the union of those (one or two) path components which map to χ under the
Euler characteristic map.
Given an r-Spin surface bundle (Σg → E
π
→ B,L→ E,ϕ : L⊗r ∼= Tv) there is a
Becker–Gottlieb [1] pretransfer
prt : Σ∞B+ −→ Th(−Tv → E),
and a map τv : E → BSpinr(2) classifying the vertical tangent bundle. Composing
these gives a map
α♯ := Th(−τv) ◦ prt : Σ∞B+ −→MTSpin
r(2)
with adjoint
α : B −→ Ω∞2−2g,•MTSpin
r(2).
Performing this construction on the universal r-Spin bundle with genus g fibres
gives a comparison map
(2.1) αg :M
1/r(Σg) −→ Ω
∞
2−2g,•MTSpin
r(2).
The homological stability result and the methods of [9] or [10] imply that this map
is an integral homology equivalence in degrees 5∗ ≤ 2g − 7.
2.4. The “Mumford conjecture” for M
1/r
g . Theorem 1.3 stated in the introduc-
tion will follow one we are able to compute the rational cohomology of the infinite
loop space Ω∞0 MTSpin
r(2). This is easy: for any spectrum X, the rational coho-
mology of the basepoint component of the associated infinite loop space, Ω∞0 X, is
the free graded commutative algebra on the rational vector space H∗>0spec(X;Q) of
positive degree elements in the spectrum cohomology of X.
In our case, the forgetful map MTSpinr(2) → MTSO(2) induces an isomor-
phism on rational cohomology (as we can compute the cohomology of both sides
using the Thom isomorphism), and hence Ω∞0 MTSpin
r(2) → Ω∞0 MTSO(2) also
induces such an isomorphism. Theorem 1.3 then follows from the known cohomol-
ogy of Ω∞0 MTSO(2), c.f. [15].
3. Computing the low-dimensional cohomology of M
1/r
g
The purpose of this section is to give the following calculation of the first and
second integral cohomology of the orbifold M
1/r
g , which establishes Theorem 1.4.
Theorem 3.1. There are isomorphisms
H2(M1/rg ;Z) ∼= Z⊕

Z/4 r ≡ 2 mod 4
Z/8 r ≡ 0 mod 4
0 else
⊕
{
Z/3 r ≡ 0 mod 3
0 else
.
and H1(M
1/r
g ;Z) = 0 as long as g is in the stable range.
For g in the stable range there are isomorphisms
H2(M1/rg ;Z) ∼= H
2(M1/r(Σg);Z) ∼= H2(Ω∞0 MTSpin
r(2);Z).
The rank of H2(Ω∞0 MTSpin
r(2);Z) is the same as the rank of the second rational
cohomology, which is one by Theorem 1.3. By the universal coefficient theorem and
Hurewicz’ theorem, we have
H2(Ω∞0 MTSpin
r(2);Z) ∼= Z⊕H1(Ω∞0 MTSpin
r(2);Z) ∼= Z⊕ π1(MTSpinr(2))
and so the problem of computing the second cohomology ofM
1/r
g is reduced to the
problem of computing a stable homotopy group.
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We approach this problem by observing that by the Thom isomorphism the coho-
mology H∗(MTSpinr(2);Z) is a free module of rank one over H∗(BSpinr(2);Z) =
Z[x] on a generator u−2 ∈ H−2(MTSpinr(2);Z), and that at each prime the ac-
tion of the Steenrod algebra on H∗(MTSpinr(2);Fp) is determined by its action
on H∗(BSpinr(2);Fp) along with an identity
P(u−2) = fp(x) · u−2
for some formal power series fp(x) ∈ H
∗(BSpinr(2);Fp) which may be computed
from characteristic classes of γr → BSpinr(2). In particular f2(x) is the total
Stiefel–Whitney class of −γr, and f3(x) is the total Pontrjagin class of −γr reduced
modulo 3.
Definition 3.2. Let Xr be the homotopy cofibre in the sequence
MTSpinr(2) −→MTSO(2) −→ Xr.
Proposition 3.3. The integral cohomology of Xr is given by H
even(Xr ;Z) = 0
and H2i+1(Xr;Z) = Z/ri+1 for i ≥ 0.
Proof. On cohomology, after applying the Thom isomoprhism, we have short exact
sequences
0 −→ Z{xi+1 · u−2}
·ri+1
−→ Z{xi+1 · u−2} −→ H2i+1(Xr;Z) −→ 0.

We can now refine our discussion in §2.4: not only is the forgetful map a rational
equivalence, it is an equivalence after inverting just r.
Corollary 3.4. The spectrum Xr[
1
r ] is contractible, so the map of localised spectra
MTSpinr(2)
[
1
r
]
−→MTSO(2)
[
1
r
]
is a homotopy equivalence. Hence Ω∞0 MTSpin
r(2) −→ Ω∞0 MTSO(2) is a homol-
ogy equivalence with any Z[ 1r ]-module coefficients.
The order of the group π1(MTSpin
r(2)) must then divide a power of r, as
π1(MTSO(2)) = 0. The following lemma further controls the primes which can
divide the order of this group.
Lemma 3.5. For all primes p ≥ 5, H∗(MTSpinr(2);Fp) is a trivial module over
the Steenrod algebra in degrees ∗ ≤ 3. Hence π1(MTSpinr(2)) has no torsion of
order p.
Proof. Note that H∗(MTSpinr(2);Fp) has no Bockstein operations, as it is sup-
ported in even degrees. Thus the shortest Steenrod operation is P1, which in-
creases degrees by 2(p − 1), so at least 8 if p ≥ 5. In particular P1(u−2) ∈
H≥6(MTSpinr(2);Fp) is outside the range under consideration.
As it is a trivial module in this range, the E2-page for the Adams spectral
sequence is Σ−2M ⊕M ⊕ Σ2M in this range, where M := Ext∗,∗Ap(Fp,Fp). This
consists of a Z-tower in degrees −2, 0 and 2, so π1 has no p-torsion. 
Thus the group π1(MTSpin
r(2)) can have only 2- and 3-torsion, and only when
2 or 3 respectively divide r.
Corollary 3.6. If r is coprime to 6 then H2(M
1/r
g ;Z) ∼= Z in the stable range.
Lemma 3.7. The image of π0(MTSpin
r(2)) in π0(MTSO(2)) ∼= Z is rZ if r is
odd, and r/2Z if r is even.
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Proof. The identification π0(MTSO(2)) ∼= Z is by sending an oriented surface to
half its Euler characteristic, so the problem is to determine which Euler character-
istics can occur on r-Spin surfaces. The Euler characteristic may be identified with
the divisibility of c1(TΣg), so if the surface has an r-Spin structure, r|χ. Thus the
minimal possible Euler characteristic of an r-Spin surface is r if r is even and 2r if
r is odd. 
3.1. 3-torsion. At the prime 3 we have the identity
P(u−2) = p(γ
⊗r
2 ) · u−2 = (1− r
2 · x2) · u−2,
where p is the total Pontryjagin class. This determines the structure of the coho-
mology H∗(MTSpinr(2);F3) as a module over the Steenrod algebra. We are only
interested in the case where 3 divides r, so P(u−2) = u−2 and hence
H∗(MTSpinr(2);F3) ∼= Σ−2H∗(BSO(2);F3)
as modules over the Steenrod algebra. Thus the chart of the E2-page of the Adams
spectral sequence calculating the 3-primary homotopy of MTSpinr(2) is as shown
in Figure 1. It immediately implies that π1(MTSpin
r(2))(3) is Z/3 if 3 | r and
zero otherwise.
Figure 1. Partial E2-page of the Adams spectral sequence con-
verging to the 3-primary homotopy groups of the spectrum
MTSpinr(2). The diagram is complete to the left of the dotted
line.
3.2. 2-torsion. At the prime 2 we have the identity
Sq(u−2) = w(γ
⊗r
2 ) · u−2 = (1 + r · x) · u−2
and we are only interested in the case where 2 divides r so we obtain Sq(u−2) = u−2
and hence
H∗(MTSpinr(2);F2) ∼= Σ−2H∗(BSO(2);F2)
as modules over the Steenrod algebra. Thus the chart of the E2-page of the Adams
spectral sequence calculating the 2-primary homotopy of MTSpinr(2) is as shown
in Figure 2. There is an ambiguity in π1(MTSpin
r(2))(2) given by the possible
differential, which we must resolve. In order to do this we also compute the E2-page
of the Adams spectral sequence for the cofibre Xr at the prime 2 (when r is even).
This depends on whether r is divisible by 4 or not.
Proposition 3.8. The cohomology groups H∗(Xr ;F2) are a copy of F2 in each
degree i ≥ 0, generated by an element ai. As a module over the Steenrod algebra,
up to degree 4 the only non-trivial operations are
Sq2(a2) = a4, Sq
2(a1) = a3,
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Figure 2. Partial E2-page of the Adams spectral sequences
converging to the 2-primary homotopy groups of the spectra
MTSpinr(2) and MTSO(2). The diagrams are complete to the
left of the dotted line, and the dotted arrows show the only possible
differentials in this range.
and if r ≡ 2 mod 4 then Sq1(a0) = a1.
Proof. The identification of the cohomology groups follows from Proposition 3.3 and
the Universal Coefficient Theorem. The identification of the Steenrod operations
follows from the known operations in MTSO(2) and MTSpinr(2) in this range.

Thus if r ≡ 2 mod 4 then H∗(Xr;F2) is the module
(F2
Sq1
−→ Σ1F2
Sq2
−→ Σ3F2)⊕ (Σ2F2
Sq2
−→ Σ4F2)
in degrees ≤ 4, and if r ≡ 0 mod 4 it is the module
F2 ⊕ (Σ1F2
Sq2
−→ Σ3F2)⊕ (Σ2F2
Sq2
−→ Σ4F2)
in this range. The E2-pages of the corresponding Adams spectral sequences split
accordingly in this range, and each elementary module has a well-known Adams
E2-page.
3.3. Case 1. Let us first treat the case r ≡ 2 mod 4, where a chart for the Adams
E2-page forXr is shown in Figure 3. AsXr is r-torsion, the two Z-towers in degrees
2 and 3 must kill each other, so that π2(Xr)(2) = Z/2k for some k ≥ 4. The long
exact sequence in 2-local homotopy gives the exact sequences
· · · −→ π4(Xr)(2) −→ π3(MTSpin
r(2))(2) −→ Z/8 −→ Z/2 −→ 0,
and
0 −→ Z(2) −→ Z(2) −→ Z/2
k −→ π1(MTSpin
r(2))(2) −→ 0.
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Figure 3. Partial E2-page of the Adams spectral sequences con-
verging to the 2-primary homotopy groups of the spectrum Xr,
when r ≡ 2 mod 4. The diagram is complete to the left of the
dotted line. There is a differential into the total degree 2 column:
the dotted arrow shows the shortest possible such differential.
The first sequence implies that π3(MTSpin
r(2))(2) has order at least 4, and so the
differential entering the total degree 3 column is zero, and π3(MTSpin
r(2))(2) ∼=
Z/4.
Suppose now that the differential entering the total degree 1 column is zero:
then the Adams spectral sequence for MTSpinr(2) collapses in the range we have
drawn it, and in particular we may read off its π∗(S)-module structure. By the
short exact sequence
0 −→ π3(MTSpin
r(2))(2) −→ π3(MTSO(2))(2) −→ Z/2 −→ 0
and comparing the (collapsing) charts forMTSpinr(2) andMTSO(2), we see that
Z(2) ∼= π2(MTSpinr(2))(2) → π2(MTSO(2))(2) ∼= Z(2) must be an isomorphism.
Thus
Z/2k≥4 ∼= π2(Xr)(2) ∼= π1(MTSpin
r(2))(2) ∼= Z/8,
which is a contradiction. Thus when r ≡ 2 mod 4 the differential entering the
degree 1 column is non-trivial, and so
π1(MTSpin
r(2))(2) ∼= Z/4.
3.4. Case 2. Let us now treat the case r ≡ 0 mod 4, where a chart for the Adams
E2-page for Xr is shown in Figure 4. As Xr is r-torsion, the Z-towers must kill
each other. As π0(Xr) fits into an exact sequence
· · · → Z⊕ Z/2
·r/2
→ Z→ π0(Xr)→ Z/2→ 0
it is finite of order r, so its 2-component is finite of order 2v2(r). From the chart we
see that it is cyclic of this order, so π0(Xr) ∼= Z/r, and we have the computation
π∗(Xr)(2) =

Z/r ⊗ Z(2) ∗ = 0
Z/2 ∗ = 1
Z/2⊕ Z/2k ∗ = 2 k ≥ 3
in degrees up to 2. Consider the portion of the long exact sequence in 2-local
homotopy,
· · · → π3(Xr)(2)
0
→ Z(2) → Z(2)
f
→ Z/2⊕ Z/2k≥3 → π1(MTSpinr(2))(2) → 0.
The map f is onto the first factor, so suppose it sends 1 to (1, 2N). Then
π1(MTSpin
r(2))(2) ∼= Z/2
min(k,N+1).
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Figure 4. Partial E2-page of the Adams spectral sequences con-
verging to the 2-primary homotopy groups of the spectrum Xr,
when r ≡ 0 mod 4. The diagram is complete to the left of the dot-
ted line. The grey dots show groups which definitely die. There
is a differential into the total degree 2 column: the dotted arrow
shows the shortest possible such differential.
The generator of π2(MTSO(2))(2) is in Adams filtration 2, so its image has filtra-
tion at least 2. Thus N ≥ 2, and so min(k,N + 1) ≥ 3, but π1(MTSpinr(2))(2) is
also at most Z/8, so min(k,N + 1) = 3, and so N = 2. Thus
π1(MTSpin
r(2))(2) ∼= Z/8,
and there is no differential.
3.5. π0(MTSpin
r(2)). As we have used it in §2.3, we remark that Figures 1 and
2 show that
π0(MTSpin
r(2)) ∼=
{
Z r odd
Z⊕ Z/2 r even
as abstract groups.
3.6. Induced maps.
Proposition 3.9. The map π2(MTSpin
r(2)) = Z→ π2(MTSO(2)) = Z is given
by multiplication by r2Ur/12, where
Ur =

2 12 | r
4 4 ∤ r, 3 | r
6 4 | r, 3 ∤ r
12 4 ∤ r, 3 ∤ r.
Proof. There is a commutative square
π2(MTSpin
r(2)) = Z
·Ur
✲ H2(MTSpin
r(2);Z) = Z
π2(MTSO(2)) = Z
❄ ·12
✲ H2(MTSO(2);Z) = Z,
·r2
❄
where the Hurewicz map Ur may be determined by studying the Atiyah–Hirzebruch
spectral sequence
E2p,q = Hp(MTSpin
r(2);πq(S))⇒ πp+q(MTSpin
r(2)),
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where it occurs as an edge homomorphism. There is a unique pattern of differentials
out of E22,0 consistent with the known homotopy groups of MTSpin
r(2), and this
determines the index of the image of the Hurewicz map. 
4. Identifying classes in H2(M
1/r
g ;Z)
In the introduction we defined cohomology classes κ
a/r
1 and λ
a/r in H2(M
1/r
g ;Z),
similar in spirit to the classes κ1 and λ defined in the cohomology of Mg. When
r is even we have defined a further class µ, which satisfies the equation 2µ =
λ−1/2+12λ1/2. All of these classes may in fact be defined on the infinite loop space
Ω∞MTSpinr(2), as they all come from fibre-integration of a stable characteristic
class associated to the vertical tangent bundle. In this section we will explain how
to construct them in this manner.
Definition 4.1. For any generalised cohomology theory E and any spectrum X,
there is a cohomology suspension map
σ∗ : E∗(X) −→ E∗(Ω∞X),
given by applying E∗ to the evaluation maps ΣnΩnXn → Xn and taking a limit
over n.
We write γr → BSpinr(2) for the tautological bundle, and L for its canonical
r-th root. The Thom isomorphism in spectrum cohomology gives
H∗(BSpinr(2);Z) −→ H∗−2(MTSpinr(2);Z)
x 7−→ x · u−2,
and hence we may define κ
a/r
1 ∈ H
2(Ω∞MTSpinr(2);Z) as σ∗(c1(La)2 · u−2).
The virtual bundle −γr → BSpinr(2) is complex, and hence oriented in complex
K-theory. Thus there is a Thom isomorphism in spectrum K-theory
K0(BSpinr(2)) −→ K0(MTSpinr(2))
x 7−→ x · λ−γr ,
and hence an element σ∗(L⊗a · λ−γr) ∈ K0(Ω∞MTSpinr(2)). We may define
λ−a/r to be the first Chern class of this virtual bundle.
If r is even, there is an isomorphism (L⊗r/2)⊗2 ∼= γr and so γr has a canoni-
cal Spin structure and hence is oriented in real K-theory. Thus there is a Thom
isomorphism in spectrum KO-theory
KO0(BSpinr(2)) −→ KO−2(MTSpinr(2))
x 7→ x · λ−γr ,
and hence an element ξ := σ∗(1 · λ−γr) ∈ KO
−2(Ω∞MTSpinr(2)). Elements
in KO−2 are represented by complex vector bundles with a trivialisation of the
underlying real vector bundle, and such bundles have a canonical choice of half the
first Chern class. We define µ := c12 (ξ) + 6λ
1/2.
4.1. Divisibility of classes in the torsion-free quotient.
Proof of Theorem 1.5. Let us consider the fibration sequence of connected infinite
loop spaces,
Ω∞+10 Xr −→ Ω
∞
0 MTSpin
r(2) −→ Ω∞0 MTSO(2).
Considering the Serre spectral sequence in cohomology, we see that there is a short
exact sequence
0→ H2(Ω∞0 MTSO(2);Z)→ H
2(Ω∞0 MTSpin
r(2);Z)→ H2(Ω∞+10 Xr;Z)→ 0,
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and furthermore, restricting to the torsion subgroup, the map
TorsH2(Ω∞0 MTSpin
r(2);Z) −→ H2(Ω∞+10 Xr;Z)
is Pontrjagin dual to the connecting homomorphism
H1(Ω
∞+1
0 Xr)
∼= π2(Xr)→ H1(Ω
∞
0 MTSpin
r(2)) ∼= π1(MTSpin
r(2)).
The long exact sequence of homotopy groups
· · · → π2(MTSpin
r(2))
r2Ur/12
→ π2(MTSO(2))→ π2(Xr)→ π1(MTSpin
r(2))→ 0
shows that this connecting homomorphism is surjective with kernel Z/(r2Ur/12).
Thus the Pontrjagin dual map is injective with cokernel Z/(r2Ur/12), so there is
an exact sequence
0→ H2(Ω∞0 MTSO(2);Z)→ H
2(Ω∞0 MTSpin
r(2);Z)/torsion→ Z/(r2Ur/12)→ 0,
and hence λ is divisible by precisely r2Ur/12 in the torsion-free quotient.
The remaining divisibilities follow once we establish the rational proportionalities
between the classes {κ
a/r
1 , λ
a/r, µ} and λ. Firstly κ
a/r
1 =
1
a2 κ1 =
12
a2 λ. In order to
relate λ−a/r to the other classes, we apply the Chern character:
ch(π!(L
a)) = π!(ch(L
a) · Td(Tv)) = π!
(
eac1(L) ·
c1(Tv)
1− e−c1(Tv)
)
and note that c1(Tv) = r · c1(L). Thus
(4.1) λ−a/r =
r2 + 6ar + 6a2
r2
λ ∈ H2(M1/rg ;Q).
Finally we have that 2µ = λ−1/2+12λ1/2. If we let g be a generator of the torsion-
free quotient such that λ = r
2Ur
12 g, then
κ
a/r
1 = a
2Urg
λa/r =
Ur
12
(r2 − 6ar + 6a2)g
µ = −
Ur
48
r2g when it is defined.

4.2. Torsion classes. In the introduction we have defined torsion classes ta/r,b/r,
ta/r and t in the cohomology of M
1/r
g as certain linear combinations of λa/r, κ
1/r
1
and µ which vanish in the torsion-free quotient. We recall: if Ua/r,b/r = gcd(r
2 −
6ar + 6a2, r2 − 6br + 6b2) then
ta/r,b/r :=
r2 − 6br + 6b2
Ua/r,b/r
λa/r −
r2 − 6ar + 6a2
Ua/r,b/r
λb/r
and
ta/r :=
12
gcd(12, r2 − 6ar + 6a2)
λa/r −
r2 − 6ar + 6a2
gcd(12, r2 − 6ar + 6a2)
κ
1/r
1 .
are torsion. When r is even, there is also the torsion class
t :=
48
gcd(r2, 48)
µ+
r2
gcd(r2, 48)
κ
1/r
1 .
Although we have calculated H2(M
1/r
g [ǫ];Z) as an abstract group, we do not
yet have a way of determining whether the torsion classes we have constructed are
non-zero or not. The main result of this section is a detection theorem which will
allow us to identify torsion classes.
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Lemma 4.2. There is a natural homomorphism
i∗ : H2(Ω∞0 MTSpin
r(2);Z) −→ H2(Ω20Q(S
0);Z)
which is injective when restricted to the torsion subgroup.
Proof. Consider the map of spectra
i : S−2 −→MTSpinr(2)
given by the inclusion of the−2-cell. Consulting the Adams spectral sequence charts
forMTSpinr(2) in all possible cases, we see that π1(MTSpin
r(2)) is obtained en-
tirely from π−2(MTSpin
r(2)) via the π∗(S)-module structure. This implies that
π1(S
−2)→ π1(MTSpinr(2)) is surjective, so taking infinite loop spaces the homo-
morphism H1(Ω
2
0Q(S
0);Z)→ H1(Ω∞0 MTSpin
r(2);Z) is surjective, and the claim
follows by Pontrjagin duality. 
Thus we may test the non-triviality of torsion elements by computing them on
Ω20Q(S
0).
Proposition 4.3. The classes i∗λa/r are all equal, and so in particular all equal
to i∗λ; this class is twice a generator of H2(Ω20QS
0;Z) ∼= Z/24. When µ is defined,
i∗µ is a generator of H2(Ω20QS
0;Z) ∼= Z/24. The classes i∗κ
a/r
1 are all zero.
Proof. The class i∗λa/r is the first Chern class of the K-theory class
S−2
i
−→MTSpinr(2)
La·λ−γr
−→ K,
which may be obtained using the Thom isomorphism in K-theory of the virtual
bundle −C → ∗ applied to the pullback of the line bundle La → BSpinr(2) to a
point: this is the trivial line bundle over a point for all a, which proves the first
assertion. More precisely, considered as an element of π−2(K) this is β
−1, the
inverse of the Bott element. In Appendix A, we compute the effect of the map
H2(BU ;Z) ∼=Bott H2(Ω20(Z ×BU);Z)
Ω20(unit)−→ H2(Ω20QS
0;Z) ∼= Z/24
and show it sends the first Chern class to twice a generator.
The statement about µ is immediate, as 2µ = λ−1/2+12λ1/2 and 12i∗(λ1/2) = 0
so 2i∗(µ) = i∗(λ−1/2) is twice a generator, so i∗(µ) is a generator. The state-
ment about κ
a/r
1 follows because i
∗σ∗(c1(L
a)2 · u−2) = σ∗(i∗(c1(La)2 · u−2)) but
i∗(c1(L
a)2 · u−2) ∈ H2(S−2;Z) = 0. 
Proof of Theorem 1.7. When g ≥ 9, the canonical map
α∗g : H
2(Ω∞2−2g,ǫMTSpin
r(2);Z) −→ H2(M1/r(Σg)[ǫ];Z) ∼= H2(M1/rg [ǫ];Z)
is an isomorphism, and the equivalence Ω∞2−2g,ǫMTSpin
r(2) ≃ Ω∞0 MTSpin
r(2) is
canonical up to homotopy too. Thus the map of Lemma 4.2 provides a canonical
map
ϕ¯ : H2(M1/rg [ǫ];Z) −→ H
2(Ω20QS
0;Z)
which is injective on the torsion subgroup. By the universal coefficient theorem, this
last group is naturally isomorphic to Ext(πs3 ,Z), which is un-naturally isomorphic
to Z/24.
When r = 2 the class ϕ¯(µ) ∈ H2(Ω20QS
0;Z) is a generator by Proposition 4.3
and so describes an isomorphism H2(Ω20QS
0;Z) ∼= Z/24 under which ϕ¯(µ) goes to
1. Let us use this as our standard identification of H2(Ω20QS
0;Z) with Z/24, giving
a map
ϕ : H2(M1/rg [ǫ];Z) −→ Z/24.
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It remains to establish the effect of this map on the elements λa/r , κ
a/r
1 and µ when
it is defined. By Proposition 4.3 all the κ
a/r
1 are sent to zero, and all the λ
a/r are
sent to the same thing. As 2µ = λ−1/2+12λ1/2 and 12ϕ(λ1/2) = 0, it is enough to
check where µ is sent when r is even, and where λ is sent when r is odd. For this
we make use of the following diagram:
Ω20QS
0 ✲ Ω∞0 MTSpin
2r(2) ✲ Ω∞0 MTSpin
r(2)
Ω∞0 MTSpin
2(2)
❄✲
By definition of the isomorphism H2(Ω20QS
0;Z) ∼= Z/24, the diagonal map sends
µ to 1 ∈ Z/24 and hence λa/r to 2 ∈ Z/24. By naturality the same is true of the
top left map, as µ is pulled back to a class of the same name here. Naturality of µ
and λa/r with respect to the top right map establishes the theorem. 
Using the formulæ for the torsion elements ta/r and t, and the fact that we are
able to compute them pulled back to Ω20QS
0, we establish Corollary 1.8.
Proof of Corollary 1.8. We use the formulæ of Theorem 1.7 for ϕ. Suppose r is
odd, and 3 | r (as otherwise there is nothing to show). We have that ϕ(ta/r) is
24/ gcd(12, r2 − 6ar + 6a2) in Z/24. The gcd is precisely 3 in this case, so we get
8, and ϕ is injective when restricted to the torsion subgroup, so we are done.
Suppose r ≡ 2 mod 4. We have that ϕ(t0/r) is 24/ gcd(12, r2) in Z/24, which is
2 if 3 | r or 6 if 3 ∤ r. As ϕ is injective when restricted to the torsion subgroup, we
are done.
Suppose r ≡ 0 mod 4. We have that ϕ(t) is 48/ gcd(48, r2) in Z/24, which is 1
if 3 | r or 3 if 3 ∤ r. As ϕ is injective when restricted to the torsion subgroup, we
are done. 
4.3. Twists of r-Spin structures. Let π : E → B be a r-Spin Σg-bundle, that
is, an oriented surface bundle of genus g with a complex line bundle L → E and
an isomorphism ϕ : L⊗r ∼= TvE. Suppose that D → B is a complex line bundle
equipped with an isomorphism D⊗r ∼= ǫ1. Such bundles are classified up to isomor-
phism by elements of H1(B;Z/r), and we also write D for the cohomology class it
represents. We can produce a new r-Spin structure on π by LD := L ⊗ π∗D, as
then L⊗rD
∼= L⊗r ⊗ π∗D⊗r ∼= TvE ⊗ ǫ1.
We give here a formularium for computing the characteristic classes κ
a/r
1 , λ
a/r
and µ of the r-Spin structure LD in terms of those of L and the class D ∈
H1(B;Z/r).
Theorem 4.4. There are equalities
κ
a/r
1 (LD) = κ
a/r
1 (L) +
2a2χ(Σg)
r
β(D)
λ−a/r(LD) = λ
−a/r(L)
µ(LD) = µ(L) + Arf(L)
r
2β(D)
in H2(B;Z).
Proof. The first equation follows easily from the definition LD = L ⊗ π∗D and
the fact that c1(D) is the Bockstein β(D) when we consider D as an element of
H1(B;Z/r): so c1(LD) = c1(L) + β(D).
For the second equation, we calculate
λ−a/r(LD) = c1(π!(L
a
D)) = c1(π!(L
a ⊗ π∗(Da))) = c1(π!(L
a)⊗ π∗(Da))
and bear in mind that dim(π!(L
a)) = (a+ r2 )χ(Σg), and that r | χ(Σg).
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The last equation is more complicated, and follows from the equality
πKO! (1)L⊗r/2D
= D⊗r/2 ⊗C π
KO
! (1)L⊗r/2 ∈ KO
−2(B),
where πKO! (−)X denotes the pushforward in real K-theory defined using the Spin
structure X . This equality comes from the formula for the KO-theory Thom
class given by the Spin structure L
⊗r/2
D , in terms of the Thom class for the Spin
structure L⊗r/2. This shows that c12 (ξD) =
c1
2 (ξ) + Arf(L)
r
2β(D), noting that
dimC(π
KO
! (1)L⊗r/2) ≡ Arf(L) mod 2. The equation in the statement of the theo-
rem is obtained by noting that λ1/2 is unchanged under twisting the r-Spin struc-
ture. 
5. Computations of the homology of M˜
1/r
g
We can use the extension (1.1) and the characteristic class description of the
elements of H2(M
1/r
g ;Z) to compute the low-dimensional cohomology of M˜
1/r
g . In
order to do so, we wish to compute the effect on first homology of the inclusion of
the fibre in the fibration
(5.1) BZ/r −→M1/rg [ǫ] −→ M˜
1/r
g [ǫ].
The map H1(BZ/r;Z)→ H1(M
1/r
g [ǫ];Z) is Pontrjagin dual to the map
(5.2) TorsH2(M1/rg [ǫ];Z) −→ H
2(BZ/r;Z) ∼= Z/r,
and so it suffices to compute the effect of this map.
By Corollary 1.8, we have generators for the torsion subgroup of H2(M
1/r
g [ǫ];Z)
in terms of the elements ta/r and t. In order to calculate the images of these elements
under the above map, we must compute the characteristic classes κ
a/r
1 , λ
a/r and µ
on the r-Spin surface bundle classified by the map BZ/r →M1/rg [ǫ]. The bundle
this map classifies is, by definition, the twist of the trivial r-Spin bundle classified
by the constant map BZ/r →M1/rg [ǫ] by the tautological class x ∈ H1(BZ/r;Z/r).
Theorem 4.4 tells us how to compute the characteristic classes of this bundle: they
are
κ
a/r
1 =
2a2χ(Σg)
r
β(x)
λa/r = 0
µ = ǫ r2β(x)
when the class µ makes sense (i.e. when r is even). Carrying out these computations
using Corollary 1.8 leads to the following description of the map (5.2).
Proposition 5.1. If r ≡ 2 mod 4 the map (5.2) is zero. If r ≡ 0 mod 4 the map
(5.2) has image
r(12ǫ+χ(Σg))
8 gcd(r,3) Z/r. If r is odd the map (5.2) is zero.
Proof. Recall the statement of Corollary 1.8: if r is odd, any ta/r generates the
torsion subgroup; if r ≡ 2 mod 4 then t0/r generates the torsion subgroup; if r ≡
0 mod 4 then t generates the torsion subgroup.
If r is odd, the map (5.2) sends the generator ta/r to 2χ(Σg) ·
(r−3a)
gcd(r,3) , which is
zero modulo r as r | χ(Σg). If r is even, the result follows by applying the formulæ
above to t0/r if r ≡ 2 mod 4 or t if r ≡ 0 mod 4. 
From these formulæ one can compute the kernel of the homomorphism (5.2),
as it is cyclic and the above proposition determines its order. This group is then
Pontrjagin dual to H1(M˜
1/r
g [ǫ];Z). As one can readily see from the statement of
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the above proposition, there will not be an especially pleasant formula for the order
of this group, as for any fixed r it varies with ǫ and g.
We can also use the formulæ above to compute the second integral cohomology
of M˜
1/r
g [ǫ]. Of course as an abstract group it is isomorphic to Z ⊕H1(M˜
1/r
g [ǫ];Z)
and the calculation of first homology follows from Proposition 5.1. However the
formulæ above also let us calculate the image of the injective map
H2(M˜1/rg [ǫ];Z) −→ H
2(M1/rg [ǫ];Z)
because the Leray–Serre spectral sequence for the fibration (5.1) gives an exact
sequence
0 −→ H2(M˜1/rg [ǫ];Z) −→ H
2(M1/rg [ǫ];Z) −→ Z/r
and the last map is determined by the formulæ above. As these are fairly compli-
cated, it is difficult to give a general expression for the image of this map. However,
we have calculated the following three examples. We refer to Examples 1.10–1.12
for presentations of the second cohomology of M
1/r
g [ǫ] in these cases.
Example 5.2. The group H2(M˜
1/2
g [ǫ];Z) is isomorphic to Z ⊕ Z/4 for g ≥ 9, but
the map to H2(M
1/2
g [ǫ];Z) is an isomorphism if ǫ = 0 and an injection onto the
index 2 subgroup 〈λ, 2µ | 4(λ+ 4µ)〉 if ǫ = 1.
Example 5.3. The group H2(M˜
1/3
g ;Z) is isomorphic to Z⊕ Z/3 for g ≥ 9, and the
map to H2(M
1/3
g ;Z) is an isomorphism.
Example 5.4. The map from H2(M˜
1/4
g [ǫ];Z) to H2(M
1/4
g [ǫ];Z) is an isomorphism
if ǫ = 0, and an injection on to the index 2 subgroup 〈2µ, λ1/4 | 4(2µ− 4λ1/4)〉 if
ǫ = 1.
6. Relating Picard groups to cohomology
In this section we will define the necessary terms and prove Theorem 1.15 from
the introduction.
6.1. Topological Picard groups. Recall from the introduction that the topolog-
ical Picard group Pictop(X//G) of a global quotient orbifold X//G is the set of iso-
morphism classes of G-equivariant complex line bundles on X , which is an abelian
group under tensor product of line bundles. The first Chern class provides a map
c1 : Pictop(X//G) −→ H
2(X//G;Z)
which is an isomorphism [6, Lemma 5.1]. Thus the maps
Pictop(M˜
1/r
g [ǫ])
c1−→ H2(M˜1/rg [ǫ];Z) Pictop(M
1/r
g [ǫ])
c1−→ H2(M1/rg [ǫ];Z)
are both isomorphisms.
6.2. Holomorphic Picard groups. Recall from the introduction that if a group Γ
acts by biholomorphisms on a complex manifoldX , the orbifold quotientX := X//Γ
has a complex structure and we may define the holomorphic Picard group Pichol(X)
to be the set of isomorphism classes of G-equivariant holomorphic line bundles on
X , which is an abelian group under tensor product of line bundles. Equivalently, if
OX is the sheaf of holomorphic functions on the orbifold X, and O
×
X
the subsheaf
of nowhere zero functions, it is the sheaf cohomology group H1(X;O×
X
). The first
Chern class provides a map
(6.1) c1 : Pichol(X) −→ H
2(X;Z),
which coincides with the connecting homomorphism for the exponential sequence of
sheaves 0→ Z→ OX → O
×
X
→ 0 on X. With the identification of the topological
22 OSCAR RANDAL-WILLIAMS
Picard group in the previous section, the long exact sequence for the exponen-
tial sequence identifies the subgroup Pic0hol(X) < Pichol(X) of topologically trivial
bundles as the quotient
Pic0hol(X) = H
1(X;OX)/H
1(X;Z)
and so as a connected abelian topological group. The analytic Neron–Severi group
of X is defined to be
NS(X) := Pichol(X)/Pic
0
hol(X),
which is also the subgroup of Pictop(X) of those complex line bundles which admit
a holomorphic structure. The first Chern class descends to an injective homomor-
phism c1 : NS(X)→ H2(X;Z).
Proposition 6.1. The map c1 : Pichol(M
1/r
g [ǫ])→ H2(M
1/r
g [ǫ];Z) is surjective, so
NS(M
1/r
g [ǫ])→ H2(M
1/r
g [ǫ];Z) is an isomorphism.
Proof. By the exponential sequence, the cokernel of c1 is a subgroup of the complex
vector space H2
(
M
1/r
g [ǫ];O
M
1/r
g [ǫ]
)
and hence is torsion-free. Thus it is enough to
see that c1 is rationally surjective, but rationally the cohomology has rank 1 and is
generated by the Hodge class λ, which is pulled back from a holomorphic (in fact
algebraic) line bundle on Mg. 
There are homomorphisms Pictop/hol(M
1/r
g [ǫ])→ Z/r given by evaluating a line
bundle, holomorphic or topological, on the sub-orbifold ∗//(Z/r). This gives a
commutative diagram
Pichol(M˜
1/r
g [ǫ])
✲ Pichol(M
1/r
g [ǫ])
✲ Z/r
0 ✲ H2(M˜1/rg [ǫ];Z)
c1
❄
✲ H2(M1/rg [ǫ];Z)
c1
❄
✲ Z/r
wwwww
with exact rows, as a holomorphic line bundle on M
1/r
g [ǫ] descends to M˜
1/r
g [ǫ]
precisely when it is trivial on ∗//(Z/r). This implies
Proposition 6.2. The map c1 : Pichol(M˜
1/r
g [ǫ])→ H2(M˜
1/r
g [ǫ];Z) is surjective, so
NS(M˜
1/r
g [ǫ])→ H2(M˜
1/r
g [ǫ];Z) is an isomorphism.
6.3. Algebraic Picard groups. Let us say a complex orbifoldX is quasi-projective
if it has a finite cover by a smooth quasi-projective variety. The generalised Rie-
mann existence theorem implies that a finite cover of a quasi-projective variety
is again a quasi-projective variety, so this notion does not depend on a choice of
quasi-projective cover.
Proposition 6.3. The complex orbifold M˜
1/r
g [ǫ] is quasi-projective.
Proof. The intersection of G
1/r
g (ζ) with the third level subgroup Γg[3] ⊳ Γg acts
freely on Teichmu¨ller space, with quotient a finite unramified cover of Mg[3], and
hence a smooth quasi-projective variety. 
For quasi-projective orbifolds, there is yet another notion of Picard group avail-
able. The algebraic Picard group Picalg(X) is the set of isomorphism classes of
holomorphic line bundles on X which are algebraic on the quasi-projective cover of
X. Alternatively, if O
×
X
is the sheaf of nowhere zero holomorphic functions on X
which are algebraic on the quasi-projective cover, we may define
Picalg(X) := H
1(X;O
×
X
).
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As in the holomorphic case, we define Pic0alg(X) to be the subgroup of topologi-
cally trivial algebraic line bundles. The additional algebraic structure implies that
Pic0alg(X) = 0 if H
1(X;Z) = 0, c.f. [11, Theorem 14.3]. In particular, this is the
case for M˜
1/r
g [ǫ], so
Proposition 6.4. The composition of maps
Picalg(M˜
1/r
g [ǫ]) −→ Pichol(M˜
1/r
g [ǫ]) −→ NS(M˜
1/r
g [ǫ])
c1−→ H2(M˜1/rg [ǫ];Z)
is injective. Moreover, the second map is surjective and the last is an isomorphism.
If there is aG-gerbeY
π
→ X whereG is a compact abelian group andX is a quasi-
projective orbifold, we say that Y is a small extension of a quasi-projective orbifold.
In this case the map π has local sections, and so there is a natural isomorphism
OY ∼= π−1OX of sheaves of holomorphic functions. Hence we may define the sub-
sheaf of algebraic functions on Y by OY := π−1OX, and the algebraic Picard
group by Picalg(Y) := H
1(Y;O
×
Y
). In particular applying this to the Z/r-gerbe
M˜
1/r
g [ǫ]→M
1/r
g [ǫ] we may define Picalg(M
1/r
g [ǫ]).
Proposition 6.5. The composition of maps
Picalg(M
1/r
g [ǫ]) −→ Pichol(M
1/r
g [ǫ]) −→ NS(M
1/r
g [ǫ])
c1−→ H2(M1/rg [ǫ];Z)
is injective. Moreover, the second map is surjective and the last is an isomorphism.
Proof. For any such gerbe, applying the Leray spectral sequence to the map π and
the sheaf O
×
Y
, we obtain the exact sequence
0 −→ Picalg(X) −→ Picalg(Y) −→ H
2(G;Z).
For M˜
1/r
g [ǫ]→M
1/r
g [ǫ] we obtain a commutative diagram with exact rows
0 ✲ Picalg(M˜
1/r
g [ǫ]) ✲ Picalg(M
1/r
g [ǫ]) ✲ Z/r
0 ✲ H2(M˜1/rg [ǫ];Z)
❄
✲ H2(M1/rg [ǫ];Z)
❄
✲ Z/r
wwwww(6.2)
with the left vertical map injective by Proposition 6.4. Hence the middle vertical
map is also injective. 
We can also extract information on the image of the injective homomorphism
Picalg(M
1/r
g [ǫ]) −→ H2(M
1/r
g [ǫ];Z). First we note that all the classes λ−a/r are in
the image of this homomorphism, as the construction λ−a/r := c1(π
K
! (L
⊗a)) can
be performed algebraically as det(π!(L
⊗a)) which gives a class in Picalg(M
1/r
g [ǫ])
with Chern class λ−a/r. For r odd these classes generate H2(M
1/r
g [ǫ];Z) and so the
homomorphism is surjective. For r even, the classes λa/r only generate an index 2
subgroup of H2(M
1/r
g [ǫ];Z), but together with µ they generate the entire group.
Lemma 6.6. The map c1 : Picalg(M
1/2
g [ǫ])→ H2(M
1/2
g [ǫ];Z) is surjective.
Proof. The coarse moduli space M˜
1/2
g is in natural bijection with the set of pairs
(Σ, L) of a Riemann surface and a complex line bundle L such that L⊗2 ∼= TΣ. As
such, L admits a canonical structure of a holomorphic line bundle on Σ, and the
holomorphic structure is independent of the choice of isomorphism L⊗2 ∼= TΣ. At
this point it is convenient to work with square roots of the cotangent bundle, so let
us denote by L∗ the dual bundle to L.
There is a function ρ : M˜
1/2
g → N given by ρ(Σ, L) = dimH0(Σ;L∗), where
we identify L∗ with its sheaf of algebraic sections. The parity of dimH0(Σ;L∗) is
24 OSCAR RANDAL-WILLIAMS
locally constant on M˜
1/2
g , and agrees with the Arf invariant, but the function itself
is not locally constant. The subset
Θnull := {(Σ, L) ∈ M˜
1/2
g [0] | ρ(Σ, L) > 0}
is classically known to be a divisor, and the subset
T := {(Σ, L) ∈ M˜1/2g [1] | ρ(Σ, L) > 1}
is known to have codimension 3 as long as g ≥ 5 [19, Theorem 2.17].
We must now proceed by cases depending on the parity. For ǫ = 0, by [7,
Theorem 0.2], the class of Θnull is rationally equivalent to −
1
4λ on M˜
1/2
g [0], and it
remains so when pulled back to M˜
1/2
g [0] orM
1/2
g [0]. Recall from Example 1.10 that
H2(M
1/2
g [0];Z) is isomorphic to 〈λ, µ | 4(λ + 4µ)〉. Then 4 · c1(Θnull) = −λ = 4µ
in the torsion-free quotient of H2(M
1/2
g [0];Z), and hence
c1(Θnull) = µ+A(λ + 4µ)
for some A. However, λ+ 4µ = λ+ 2(λ−1/2 + 6λ1/2) is already in the image of c1,
and so µ is also.
For ǫ = 1, note that on the complement M˜
1/2
g [1]\T the sheaf (Σ, L) 7→ H0(Σ;L∗)
(equivalently, the direct image π∗(L
∗)) is a vector bundle of rank 1, and hence
represents an element of Picalg(M˜
1/2
g [1] \ T ). As T as codimension 3, this extends
uniquely to an element of Picalg(M˜
1/2
g [1]). To compute the first Chern class of this
line bundle, note that
π!(L
∗) = π∗(L
∗)−R1π∗(L
∗)
as virtual sheaves on M˜
1/2
g [1], but the isomorphism L∗ ∼= T ∗Σ⊗L and Serre duality
shows that R1π∗(L
∗) ∼= (π∗(L∗))∗ and so π!(L∗) = π∗(L∗)− π∗(L∗)∗. Taking first
Chern classes (over M˜
1/2
g [1] \ T , where π∗(L∗) is a bundle) gives
2 · c1(π∗(L
∗)) = λ−1/2,
which is 2µ− 12λ1/2 rationally. Thus c1(π∗(L
∗)) = µ− 6λ1/2 modulo torsion, and
as we saw above the generator λ+ 4µ of the torsion subgroup is already known to
be in the image, as is λ1/2. Hence µ is too. 
This lemma implies that c1 : Picalg(M
1/r
g ) → H2(M
1/r
g ;Z) is surjective for all
even r, and hence an isomorphism, as the missing class µ is pulled back fromM
1/2
g .
The commutative diagram (6.2) implies that the same is true for M˜
1/r
g .
Appendix A. A calculation in homotopy theory
In this appendix we compute the first Chern class of the K-theory class
Ω∞β−1 : Ω∞S−2 ≃ Ω2Q(S0) −→ Ω∞K ≃ Z×BU,
which completes the proof of Proposition 4.3. As Ω2c2 = c1 under the Bott equiv-
alence, this the same as computing the second Chern class of the unit Q(S0) −→
Z×BU , and then computing its double loop class.
In order to do this, we make use of the fact that the fibrations of infinite loop
spaces
Q˜0S0 −→ Q0S
0 −→ K(Z/2, 1)
and
Ω˜0QS0 −→ Ω(Q˜0S0) −→ K(Z/2, 1)
are split as fibrations of spaces: a proof of this fact appears in [8, Lemma 7.1].
We will first treat the 2-torsion. We may write down a canonical basis for the
F2-homology of Q0S0, in terms of Dyer–Lashof operations, and we include this
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information up to degree four in Figure 5. From this description we are able to
Figure 5. F2-homology of Q0S0 up to degree four. All the arrows
denote primary Bockstein operations, except the indicated sec-
ondary operation. The primary operations follow from the Nishida
relation βQb = (b − 1)Qb−1, and the secondary operation follows
from the formula of [2, Lemma 4.11].
calculate the 2-local homology of Q0S
0 up to degree three, which we give in the
following table.
i 0 1 2 3 4
H∗(Q0S
0;F2) F2 F2 F22 F
4
2 F
7
2
H∗(Q0S
0;Z(2)) Z(2) Z/2 Z/2 (Z/2)2 ⊕ Z/4 −
Using the splitting of spaces Q0S
0 ≃ K(Z/2, 1) × Q˜0S0, the known homology of
K(Z/2, 1), the Ku¨nneth theorem and the universal coefficient theorem, we are able
to compute the homology of Q˜0S0 up to degree three, and so its cohomology up to
degree four, which we give in the following table.
H∗(Q˜0S0;F2) F2 0 F2 F22 F
3
2
H∗(Q˜0S0;Z(2)) Z(2) 0 Z/2 Z/4 −
H∗(Q˜0S0;Z(2)) Z(2) 0 0 Z/2 Z/4
The universal cover Ω˜0QS0 is simply-connected and has second homotopy group
equal to π3(QS
0) = Z/24. Thus we can compute its 2-local homology up to degree
two. Using the splitting ΩQ˜0S0 ≃ K(Z/2, 1) × Ω˜0QS0 we are able to compute
the 2-local homology of ΩQ˜0S0 up to degree two, and hence its cohomology up to
degree three.
H∗(Ω˜0QS0;Z(2)) Z(2) 0 Z/8 − −
H∗(Ω˜0QS0;Z(2)) Z(2) 0 0 Z/8 −
H∗(ΩQ˜0S0;Z(2)) Z(2) Z/2 Z/8 − −
H∗(ΩQ˜0S0;Z(2)) Z(2) 0 Z/2 Z/8 −
Using the known structure [16] of the homology of Z × BU as a module over
the Dyer–Lashof algebra, it is not difficult to verify that c2 reduces modulo 2
to the dual of the homology class (Q2([1]) ∗ [−2])2, and so generates the group
H4(Q˜0S0;Z(2)) = Z/4.
We now consider the Serre spectral sequence for the loop-space fibration
ΩQ˜0S0 −→ ∗ −→ Q˜0S0.
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We see that the only differentials out of E20,3 = Z/8 are to E
2
2,2 = Z/2 and E
2
4,0 =
Z/4. By cardinality both of these must be surjective, and in particular 2 ∈ Z/8 =
E20,3 transgresses to a generator of E
2
4,0 = Z/4. Thus the loop of a generator of
H4(Q˜0S0;Z(2)) gives twice a generator in H3(ΩQ˜0S0;Z(2)).
By our calculations H3(ΩQ˜0S0;Z2)) → H3(Ω˜0QS0;Z(2)) is an isomorphism.
Consider the Serre spectral sequence for the loop-space fibration
Ω20QS
0 ≃ Ω(Ω˜0QS0) −→ ∗ −→ Ω˜0QS0,
and our calculations show that the transgression
τ : H2(Ω20QS
0;Z(2)) −→ H
3(Ω˜0QS0;Z(2))
is an isomorphism. Hence it follows that Ω2c2 is twice a generator inH
2(Ω20QS
0;Z(2)).
The 3-local calculation is of course much easier. By [14, Theorem 22], we have
that Q1([1]) ∗ [−3] ∈ H4({0}×BU ;F3) is the linear dual of the second Chern class,
and hence the unit Q0S
0 → BU pulls back the second Chern class to the linear
dual of Q1([1])∗ [−3] ∈ H4(Q0S
0;F3). As the splittings of Q0S0 and Ω(Q˜0S0) have
factors which are trivial 3-locally, the situation is drastically simpler. It is easy to
see that
i 0 1 2 3 4
H∗(Q˜0S0;F3) F3 0 0 F3 F3
H∗(Q˜0S0;Z(3)) Z(3) 0 0 Z/3 0
H∗(Q˜0S0;Z(3)) Z(3) 0 0 0 Z/3
and that the second Chern class generates H4(Q˜0S0;Z(3)). Hence it’s second loop
class generates H2(Ω20QS
0;Z(3)) ∼= Z/3 as well.
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